ABSTRACT Two categories of hesitancy often exist in an intuitionistic multiplicative preference relation (IMPR). One is inconsistency among three or more preferences in an IMPR, and the other is hesitancy of a non-diagonal intuitionistic multiplicative judgment itself. Capturing such hesitancy plays an important role for deriving priority weights of IMPRs and measuring inconsistency degrees of IMPRs. This article first analyzes a recent consistency definition of IMPRs and reveals its deficiency. A normalized intuitionistic multiplicative weight vector is introduced and utilized as a benchmark of different intuitionistic multiplicative weight vectors with equivalency. A new notion of consistent IMPRs is then proposed by building the link between an IMPR and its normalized intuitionistic multiplicative weights. In order to find the closest IMPR with consistency to an original IMPR, the paper establishes a minimization model, in which the hesitancy difference between the two IMPRs is regarded as a constraint and the optimal goal function value is used to determine an inconsistency index of the original IMPR. The minimization model is further transformed into a least square model and its analytical solution is discovered by the Lagrangian multiplier method. Based on the analytical solution, an intuitionistic multiplicative judgment based index is devised to measure inconsistency of IMPRs, and an approach with checking acceptable consistency is developed for multi-criteria decision making with IMPRs. The presented models are illustrated and validated by three numerical examples including a hierarchical multi-criteria decision making problem.
I. INTRODUCTION
Multi-criteria decision making (MCDM) is often occurred in business management, industrial engineering, and our daily lives [1] - [3] . However, it is frequently difficult for a decision-maker to directly provide a ranking order or a priority weight vector for considered alternatives because of the capacity limitation of handling several criteria and alternatives at a time [4] - [6] . In order to make a rational decision, a MCDM problem is decomposed by using a hierarchy and the decision-maker is suggested to elicit his/her preferences by utilizing the paired comparison technique in the analytic hierarchy process (AHP) [7] - [9] . The two most common ways of expressing decision-makers' preferThe associate editor coordinating the review of this manuscript and approving it for publication was Yanzheng Zhu.
ences are multiplicative preference relations (MPRs) [9] and reciprocal preference relations (or called fuzzy preference relations [10] ). All elements in a MPR or a reciprocal preference relation are precise values. Nevertheless, sometimes, it is a challenge to describe preference information by exact values due to ambiguity and hesitancy of paired comparison results [11] - [14] . As a consequence, intuitionistic multiplicative preference relations (IMPRs) [15] , intuitionistic fuzzy preference relations [16] , hesitant fuzzy preference relations [17] and probabilistic hesitant multiplicative preference relations [18] have been put forward to characterize paired comparisons with hesitancy, and widely applied to MCDM with hesitant preference information [19] - [25] .
Since judgments in a preference relation are given by comparing pairs of considered alternatives, they are subjective and could be often inconsistent [26] - [28] . It is clear that a VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ preference relation with a high inconsistency degree represents poor decision input and may make for the irrationality and unacceptability of the final decision result [29] - [31] . Accordingly, it is crucial to explore consistency frameworks and measure inconsistency for preference relations. For MPRs and reciprocal preference relations, some consistency measurement methods have been proposed in the current literature. For instance, Saaty [9] introduced multiplicative transitivity of MPRs and put forward an eigenvalue-based consistency index (CI) for measuring inconsistency of MPRs. Crawford and Williams [32] proposed a row-geometric-mean and Euclidean-metric based CI, which was reformulated subsequently as a geometricconsistency-index (GCI) in [33] . Based on optimal priority weights, Xia et al. [34] devised a GCI for reciprocal preference relations.
Xu [35] introduced an intuitionistic multiplicative judgment based transitivity equation to define consistent IMPRs. Jiang et al. [36] adopted consistencies of two MPRs constructed from the positive or negative judgment-ratios in an IMPR to develop a consistency model for IMPRs. Based on this consistency model, Ren et al. [8] defined acceptably consistent IMPRs in intuitionistic multiplicative AHP. Zhang and Pedrycz [37] pointed out that the consistency models [35] , [36] are sensitive to the considered alternative label-numbering, and proposed another consistency model for IMPRs. Jin et al. [38] put forward a score function based consistency model whose transitivity criterion is fully identical to that in [37] . Based on the consistency model [37] , a CI was further defined in [39] . However, a study in Section III shows that the transitivity criterion given in [37] gets rid of hesitancy in an IMPR, which results in that non-diagonal intuitionistic multiplicative judgments of a consistent IMPR are often unable to be captured totally by any intuitionistic multiplicative weight vector. Therefore, it is difficult to utilize the existing consistency models to measure inconsistency of IMPRs.
A host of approaches have been put forward to elicit priority weights from MPRs. Among them, Saaty's eigenvector method [9] and the row-geometric-mean procedure [32] are two commonly used and well-known methods. It is worth noting that all existing methods yield the same priority weight vector from a consistent MPR. Moreover, all non-diagonal preferences of the consistent MPR can be totally captured and expressed by the elicited priority weight vector.
Xia, Xu and Liao [15] used a generalized intuitionistic multiplicative averaging operator to obtain intuitionistic multiplicative weights of an IMPR. Xu [35] employed the error propagation formula to construct three crisp matrices and thus, developed a priority weight elicitation approach. Ren et al. [8] devised a computation formula to determine interval multiplicative weights of an IMPR. A nonlinear optimization model was developed in [37] to obtain normalized intuitionistic fuzzy weights from an IMPR. Jin et al. [38] proposed a goal programming method to obtain intuitionistic multiplicative weights from IMPRs. Zhang and Pedrycz [39] established a logarithmic least square model to determine intuitionistic multiplicative weights of an IMPR. However, an examination in Example 2 illustrates that some nondiagonal preferences of a consistent IMPR are unable to be totally expressed by the priority weights derived from any of the methods [8] , [15] , [35] , [37] - [39] .
The major contributions of this paper are fourfold: Firstly, the deficiency of the consistency model in [37] is identified. Secondly, a new framework of normalized intuitionistic multiplicative weights is presented and used to put forward consistency of IMPRs. Thirdly, an analytical solution of normalized intuitionistic multiplicative weights is found for IMPRs. Lastly, an intuitionistic multiplicative judgment based CI is devised and employed to propose an analytical solution based decision making model with checking acceptable consistency of IMPRs. The paper analyzes the consistency definition [37] and illustrates its deficiency by a numerical example. To overcome the deficiency, a new notion of consistent IMPRs is presented by introducing normalized intuitionistic multiplicative weights. A geometric-mean-based index is defined to measure hesitancy of IMPRs. A Euclidean-metric-based function and the hesitancy difference between an IMPR and its closest IMPR with consistency are introduced to establish a minimization model for finding normalized intuitionistic multiplicative weights from IMPRs. In order to obtain its analytical solution by the Lagrangian multiplier method, the minimization model is transformed into a least square model. Based on the obtained analytical solution, an index is devised to measure inconsistency of IMPRs and an approach with checking acceptable consistency is developed to resolve MCDM problems with IMPRs.
The paper is structured as follows. Section II gives relevant concepts of consistent MPRs, GCI and IMPRs. Section III shows the deficiency of the existing consistency model [37] . Section IV proposes new notions of normalized intuitionistic multiplicative weights and consistent IMPRs. A minimization model is established to obtain normalized intuitionistic multiplicative weights from an IMPR and its analytical solution is given in Section V. Section VI provides three numerical examples to illustrate the presented models. Finally, the paper is concluded in Section VII.
II. PRELIMINARIES
Let X = {x 1 , x 2 , . . . , x n } be a non-empty and finite set of alternatives or criteria, a positive matrix
where a ij shows a ratio-based preference of alternative x i over x j . Saaty [9] defined consistency of A = (a ij ) n×n by utilizing a transitivity criterion as
It has been proved that a MPR A is consistent as per (2) if and only if there exists a normalized positive weight vector In [33] , approximated GCI thresholds listed in Table 1 were given to correspond to Saaty's consistency ratios (CRs).
The preferences in a MPR are given by exact ratios without considering ambiguity and hesitancy of the decision-maker's paired comparisons. To describe ratio-based preferences with hesitancy, Xia et al. [15] introduced the notion of IMPRs as follows.
Definition 1 [15] : A matrixÃ = (ã ij ) n×n with intuitionistic multiplicative judgments is called an IMPR if
whereã ij is an intuitionistic multiplicative number (IMN) and gives an intuitionistic multiplicative preference of alternative x i over x j . The two values a ij(ρ) and a ij(σ ) denote ratio-based degrees of superiority and non-superiority of x i over x j , respectively. For any IMNã = a (ρ) , a (σ ) with a (ρ) > 0, a (σ ) > 0 and a (ρ) a (σ ) ≤ 1, its precision index Pã and hesitancy index Hã are respectively defined in [15] as
It is obvious that Pã ≤ 1 and Hã ≥ 1. The greater the value Hã, the more the IMNã is hesitant. In particular, Pã = Hã = 1 if a (ρ) a (σ ) = 1. In this case, the IMNã reduces to an exact ratio a (ρ) = 1/a (σ ) .
III. ANALYSIS OF THE EXISTING CONSISTENCY
In this section, the existing consistency definition [37] is analyzed and its deficiency is illustrated by a numerical example.
In [37] , the authors pointed out that the consistency definitions [35] , [36] are sensitive to the alternative labelnumbering, and proposed another consistency definition for IMPRs (see Definition 7 on page 947 in [37] ). This consistency definition is described below.
Definition 2 [37] :
It is noted that the score function based transitivity criterion given in [38] is fully identical to (6) . Hence, the consistency model [38] is the same as Definition 2.
Based on (6), the following CI is given in [39] to measure inconsistency ofÃ (see (10) on page 1953 in [39] ).
where S is the upper bound of a scale. Furthermore, the authors [39] introduced a transformation (see (22) on page 1955 in [39] ) between intuitionistic multiplicative judgments a ij(ρ) , a ij(σ ) (i, j = 1, 2, . . . , n) and an intuitionistic multiplicative weight vectorW
where
In what follows, an example is offered to show that intuitionistic multiplicative judgments of a consistent IMPR may be not expressed as (8) , and the transitivity criterion (6) gets rid of hesitancy in an IMPR.
Example 1: Consider the following two IMPRs on the scale [1/9, 9] 
whereÃ 1 has been examined and determined to be consistent in [35] , [36] . SinceÃ 1 andÃ 2 satisfy (6), both IMPRsÃ 1 andÃ 2 have consistency as per Definition 2. This result is the same as that obtained from CI Z (Ã 1 ) = CI Z (Ã 2 ) = 0.
Let
, then by (8) , the following linear system of equations is established fromÃ 1 .
Clearly, there exist lots of solutions to (9) , and any solution can be denoted as w
This result means that the non-diagonal intuitionistic multiplicative judgments in the consistent IMPRÃ 1 can be totally expressed by numerous intuitionistic multiplicative weight vectors.
It should be indicated that the above intuitionistic multiplicative weights w i(ρ) , w i(σ ) (i = 1, 2, 3) do not satisfy the normalization condition given in [38] , [39] for any η ∈ [1/(2S), S/2]. This implies that it is improper to utilize the normalized intuitionistic multiplicative weights defined in [38] , [39] to capture the non-diagonal judgments of a consistent IMPR.
Similarly, the following linear system of equations can be obtained fromÃ 2 .
As per (10), we can obtain w
It is obvious that this result is in conflict with w
, implying that there does not exist an intuitionistic multiplicative weight vector such that the non-diagonal intuitionistic multiplicative judgments in the consistent IMPRÃ 2 are totally expressed bỹ
. . , n, the transitivity criterion (6) can be rewritten as
Hence, â ij n×n is an ordinary MPR and (11) is the same as Saaty's transitivity criterion (2) . This reveals that Definition 2 gets rid of hesitancy of non-diagonal intuitionistic multiplicative judgments in an IMPR.
The above analysis exposes that there are some deficiencies in the existing consistency models [35] - [39] . Hence, it is necessary to study a new consistency model for measuring inconsistency and deriving priority weights of IMPRs.
IV. CONSISTENCY OF INTUITIONISTIC MULTIPLICATIVE PREFERENCE RELATIONS
In this section, a likelihood formula is put forward to compare intuitionistic multiplicative weights, and a new framework of normalized intuitionistic multiplicative weights is presented and used to introduce consistency of IMPRs.
For 
T can be equally expressed as an intuitionistic multiplicative weight vectorW = (w 1 ,w 2 , . . . ,w n ) T with
On the other hand, as per (13), one can obtain a
ii(σ ) = 1 (i, j = 1, 2, . . . , n). According to Definition 1, the matrixÃ (W ) defined by (12) and (13) is an IMPR.
Based on (12) and (13), we can directly obtain the following theorem.
Theorem 1:
. . , n and λ is a positive real number.
Next, we introduce a likelihood formula L(w i ≥w j ) to compare any two intuitionistic multiplicative
We easily confirm that L(w i ≥w j ) satisfies properties: (14), we can directly obtain the following theorem.
Theorem 2: LetW andW be the two intuitionistic multiplicative weight vectors given in Theorem 1, then L(
Theorem 1 indicates that various intuitionistic multiplicative weight vectors with quasi-linear dependency generate the same IMPR by utilizing (13) . Theorem 2 further shows that any two intuitionistic multiplicative weight vectors with quasi-linear dependency have the same priority if they are used to obtain a ranking order of the compared alternatives as per (14) . In other words, these intuitionistic multiplicative weight vectors are equivalent from the view of the generation of an IMPR by using (13) and the priority of the compared alternatives. It is clear that there often exist lots of intuitionistic multiplicative weight vectors with equivalency. Thus, it is necessary to introduce a benchmark to represent such equivalent intuitionistic multiplicative weight vectors.
Definition 3:
Based on (15) and Theorem 1, we can directly obtain the following theorem.
Theorem 3:
, where (16) Theorem 3 indicates that for any intuitionistic multiplicative weight vectorW , there always exists a normalized intuitionistic multiplicative weight vector that is equivalent toW .
Theorem 4:
=W (2) . Proof:
, it follows from (12) and (13) that w
j(ρ) . Utilizing the above two equalities obtains
By utilizing side by side multiplication for (17), we have
where the penultimate equation is obtained asW (1) andW (2) are two normalized intuitionistic multiplicative weight vectors, and thus they satisfy (15) . By utilizing side by side multiplication for (18) , one gets
It follows from (20) that
By (19) and (21), one has
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On the other hand, as w
where the penultimate equation is derived by (22) .
As w
Therefore, we haveW (1) =W (2) . Theorem 4 indicates that although an IMPR may be generated from different intuitionistic multiplicative weight vectors with quasi-linear dependency, there is a unique normalized intuitionistic multiplicative weight vector that can be utilized as a benchmark representing them.
Based on the aforesaid analysis, a notion of consistent IMPRs is defined as follows.
Definition 4: An IMPRÃ = (ã ij ) n×n = a ij(ρ) , a ij(σ ) n×n is said to be consistent if there exists a normalized intuitionistic multiplicative weight vectorW = (w 1 ,w 2 , . . . ,w n ) T with
According to Theorem 4 and Definition 4, we can obtain that the generated IMPR from any intuitionistic multiplicative weight vector by utilizing (12) and (13) has consistency.
As per (5), for an intuitionistic multiplicative judgment a ij = a ij(ρ) , a ij(σ ) inÃ, Hã ij = 1/(a ij(ρ) a ij(σ ) ) gives its hesitancy index. It is obvious that Hã ii = 1 for all i = 1, 2, . . . , n. Therefore, a geometric-mean-based index is introduced to measure hesitancy ofÃ as follows.
Definition 5:
, a ij(σ ) n×n be an IMPR, then a geometric-mean-based hesitancy index ofÃ is defined as
Obviously, H (Ã) ≥ 1. The larger the index H (Ã), the more the IMPRÃ is hesitant. If H (Ã) = 1, then any judgment inÃ has no hesitancy andÃ reduces to a MPR.
Theorem 5: 1, 2, . . . , n) be its corresponding normalized intuitionistic multiplicative weight vector, then
Proof: As per Definition 4, we haveÃ =Ã (W ) . It follows from (13) and (23) that
Thus, (24) is true.
Similarly, one has
Then, (25) is derived by substituting (24) into the above equality, and the inequality (26) is obtained from (24) and
Equations (24) and (25) in Theorem 5 show constraint relationships for hesitancy of a consistent IMPR and hesitancy of its corresponding normalized intuitionistic multiplicative weights. Theorem 5 also indicates that intuitionistic multiplicative judgments in any consistent IMPR should verify the inequality (26).
V. AN ANALYTICAL SOLUTION BASED DECISION MAKING MODEL
This section develops some minimization models to obtain an analytical solution of normalized intuitionistic multiplicative weights from IMPRs, and devises an intuitionistic multiplicative judgment based formula to measure inconsistency of IMPRs. An analytical-solution-based approach with checking acceptable consistency is proposed for hierarchical MCDM with IMPRs.
It can be obtained from the aforesaid analysis that if an IMPRÃ is consistent, thenÃ (W ) =Ã and the normalized intuitionistic multiplicative weight vectorW satisfies (24) and (25) . As per (13),Ã (W ) =Ã means that ln a ij(ρ) = ln w i(ρ) + ln w j(σ ) and ln a ij(σ ) = ln w i(σ ) + ln w j(ρ) for all i, j = 1, 2, . . . , n, i = j, and the non-diagonal intuitionistic multiplicative judgments inÃ are totally expressed by the normalized intuitionistic multiplicative weight vectorW . However, ifÃ is inconsistent, thenÃ (W ) =Ã, revealing that some aforementioned logarithmic equalities are not true and thus some non-diagonal judgments inÃ are not totally expressed byW . In this case, we have to determine a normalized intuitionistic multiplicative weight vectorW that minimizes the average value of squares of differences between both sides of the aforementioned logarithmic equalities. On the other hand, multiple solutions may be determined from this minimization problem due to the fact that the non-diagonal intuitionistic multiplicative judgments inÃ can be closed bỹ W from different directions such as the interior direction, the exterior direction and both interior and exterior directions. Accordingly, it is natural and rational to require that inconsistency and hesitancy ofÃ are as much captured as possible by the obtained optimal solutionW .
For any IMPRÃ, ifÃ verifies (26) , then the value of the rightmost expression in (25) is not less than 1. In this case, if the normalized intuitionistic multiplicative weight vectorW satisfies (25) , then H (Ã (W ) ) = H (Ã), showing that hesitancy ofÃ is totally characterized byW . However, if (26) does not hold, then some values of the rightmost expressions in (25) are unable to be utilized to capture hesitancies of the corresponding intuitionistic multiplicative weights because
≥ 1 for each i = 1, 2, . . . , n. In this situation, we have to seek a normalized intuitionistic multiplicative weight vectorW such thatÃ (W ) ≈Ã and
It is obvious that i ≥ 1 for all i = 1, 2, . . . , n. If the normalized intuitionistic multiplicative weight vectorW satisfies
then H (Ã (W ) ) = H (Ã) whenÃ verifies (26) , and H (Ã (W ) ) ≥ H (Ã) whenÃ does not verify (26) . Therefore, the following minimization model is established to obtain optimal intuitionistic multiplicative weights from an IMPRÃ = (
where w i(ρ) and w i(σ ) (i = 1, 2, . . . , n) are decision variables, and the first row constraint insures that ( w 1(ρ) , w 1(σ ) , w 2(ρ) , w 2(σ ) , . . . , w n(ρ) , w n(σ ) ) T is a normalized intuitionistic multiplicative weight vector and the last row constraint is an equivalent expression of (28) . Let
Since 1 w i(ρ) w i(σ )
= i is a constraint of the minimization model (29) , one has
By using (31), we can equivalently rewrite (29) as
where w i(m) is a decision variable for each i = 1, 2, . . . , n. Let
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where µ i is a decision variable for each i = 1, 2, . . . , n. Theorem 6: The minimization model (35) has a unique minimum and its optimal solution is determined as
Proof: We use the Lagrangian multiplier method to obtain the unique solution to the minimization model (35) . The Lagrangian function is established as
where λ is the Lagrangian multiplier and µ i is a variable for i = 1, 2, . . . , n.
For each i = 1, 2, . . . , n, let ∂F 1 /∂µ i = 0, we have
As n j=1 µ j = 0 is a constraint of the minimization model (35) , it follows from (37) that
Adding the equalities in (38) together and using
we have λ = 0. Therefore, (36) is derived by substituting λ = 0 into (38) . According to (33) , (34) and (36), the analytical solution to the minimization model (32) is obtained as
, i = 1, 2, . . . , n. (39) As per (31) , the analytical solution to the minimization model (29) is determined as
where the values of i (i = 1, 2, . . . , n) are given by (27) . We easily confirm that if an IMPRÃ reduces to a MPR A = a ij(ρ) n×n , i.e., a ij(ρ) a ij(σ ) = 1 for all i = 1, 2, . . . , n, then i = 1 (i = 1, 2, . . . , n) and thus the analytical solution given by (40) is equivalent to the result obtained from the MPR A by the well-known row-geometric-mean procedure [32] .
On the basis of the aforementioned analysis, the following corollary can be directly obtained.
Corollary 1: For an IMPRÃ, the following statements are equivalent.
(i)Ã is consistent according to Definition 4.
The optimal goal value of the minimization model (29) is equal to 0, i.e., J * = 0. The optimal goal value J * is not less than zero. Corollary 1 indicates thatÃ is consistent if J * = 0. It is obvious that the smaller the value J * , the closer the consistent IMPRÃ (W * ) is to the IMPRÃ, and thus the stronger the consistency ofÃ. In other words, the optimal goal value J * can be utilized to determine the inconsistency degree of the IMPRÃ. Therefore, an optimal goal value based CI is defined as
Since a ij(ρ) = a ji(σ ) for all i, j = 1, 2, . . . , n, (41) can be equivalently formulated as
By substituting w * i(ρ) and w * i(σ ) given in (40) into (42), we obtain
IfÃis consistent, then by Corollary 1, one has J * = 0. Thus, CI (Ã) = J * = 0. Moreover, ifÃ degrades to a MPR, i.e., a ij(ρ) a ij(σ ) = 1 for all i = 1, 2, . . . , n, then CI (Ã) becomes GCI introduced in [32] , [33] , i.e., CI (Ã) = GCI (A), where A = a ij(ρ) n×n .
Clearly, we can use (43) to check acceptable consistency of IMPRs. If CI (Ã) ≤ τ , where τ is an inconsistency acceptable threshold, thenÃ has acceptable consistency and the analytical solution based intuitionistic multiplicative weights given by (40) can be utilized to further produce a final decision result; otherwise, we should send the IMPRÃ back to the decision-maker.
Next, we use (43) and the proposed analytical solution to develop a hierarchical MCDM model.
Consider a hierarchical MCDM problem with m criteria denoted by C = {c 1 , c 2 , . . . , c m } and n alternatives denoted by X = {x 1 , x 2 , . . . , x n }. The criterion important weight vector is given as γ = (γ 1 , γ 2 {1, 2, . . . , m}) . Based on (40) and (43), a procedure with checking acceptable consistency is now developed to deal with MCDM with IMPRs as follows.
Procedure 1:
Step 1: Calculate the value of CI (Ã l ) for each IMPRÃ l (l ∈ {1, 2, . . . , m}) as per (43).
Step 2: If CI (Ã l ) ≤ τ for all l = 1, 2, . . . , m, then go to step 3; otherwise, send the IMPRsÃ k with CI (Ã k ) > τ back to the decision-maker and go to step 8.
Step 3: Compute the optimized and normalized intuitionistic multiplicative weight vector denoted byW
Step 4: Obtain an aggregated intuitionistic multiplicative priority weight vectorW (X ) = (w 1(X ) ,w 2(X ) , . . . ,w n(X ) ) T by using formula:
Step 5: Establish a likelihood matrix L = l ij n×n = L(w i(X ) ≥w j(X ) ) n×n as per (14) .
Step 6: Derive scores of the aggregated intuitionistic multiplicative priority weightsw i(X ) (i = 1, 2, . . . , n) by using formula:
Step 7: Determine a ranking of the alternatives in terms of the decreasing order of the values of s i (i = 1, 2, . . . , n), and
x j is utilized to denote that x i is preferred to x j with a likelihood L(w i(X ) ≥w j(X ) ).
Step 8: End.
VI. ILLUSTRATIVE EXAMPLES AND COMPARATIVE ANALYSIS
This section offers three numerical examples including a hierarchical MCDM problem to illustrate the presented models. Example 2: Consider the IMPRÃ 1 in Example 1.
for each i = 1, 2, 3. This indicates that the inequality (26) holds for the IMPRÃ 1 . According to (27) , one has 1 = 2, 2 = 1 and 3 = 1. By (43), we have CI (Ã 1 ) = 0. This reveals thatÃ 1 is a consistent IMPR. It is noted that this IMPRÃ 1 is judged to be a consistent IMPR under any of the known consistency models [35] - [39] . As per (40), an optimized and normalized intuitionistic multiplicative weight vector is obtained as
We easily verify thatÃ 1 =Ã
, whereÃ
is defined by (12) and (13), This indicates that the non-diagonal intuitionistic multiplicative judgments inÃ 1 are totally expressed and captured by the optimized priority weight vectorW * .
To further validate the presented method, we conduct a comparative study with the results determined from Xu [35] , Xia et al. [15] , Ren et al. [8] , Jin et al. [38] and Zhang and Pedrycz [37] , [39] .
Xu [35] proposed an error-propagation-based priority weight elicitation approach, in which three crisp matrices called them as an expected judgment matrix, a left error matrix and a right error matrix are constructed from an IMPR. For the IMPRÃ 1 , using Xu's approach [35] Xia et al. [15] used the following generalized intuitionistic multiplicative averaging operator to derive intuitionistic multiplicative weights of an IMPR.
For the IMPRÃ 1 , using (46) yields an intuitionistic multiplicative weight vector as Ren et al. [8] developed the following formula to obtain interval multiplicative weights of an IMPR. Jin et al. [38] proposed a goal programming method to generate intuitionistic multiplicative weights from an IMPR. Employing this method withÃ 1 yields an intuitionistic multiplicative weight vector as 0.794, 0.794 , 1.260, 0.630 , 0.630, 1.260 ) T . 
For any two IMPRsÃ
are defined by (13) . This result shows that the intuitionistic multiplicative preferences in the consistent IMPRÃ 1 cannot be totally expressed and captured by any of the priority weight vectorsω Xu ,W Xia ,ω Re ,W Jin ,ω Zh1 andW Zh2 derived from Xu [35] , Xia et al. [15] , Ren et al. [8] , Jin et al. [38] and Zhang and Pedrycz [37] , [39] , respectively.
Example 3: Consider an IMPR as for all i = 1, 2, 3. This reveals that the inequality (26) According to (48), one can obtain
are defined by (13) . Clearly, M (Ã 3 ,Ã (W * ) ) is the smallest one among the seven distances, implying that the IMPR A (W * ) obtained from the analytical solution reported in this paper is the closest to the original IMPRÃ 3 . In addition, by (23) Examples 2 and 3 illustrate that the non-diagonal judgments in an IMPR are reasonably and effectively characterized by the analytical solution based intuitionistic multiplicative weight vectorW * . If an IMPR is consistent, then its non-diagonal intuitionistic multiplicative judgments are totally expressed byW * . If an inconsistent IMPR verifies (26) , then its hesitancy is fully captured byW * . This reveals that the obtained priority weight vectorW * is optimal and the presented model in this paper is effective. One can observe from the above comparative analysis that the priority weights derived by any of the existing methods [8] , [15] , [35] , [37] - [39] are not optimal and do not reflect properly nondiagonal hesitant preferences in an IMPR. It is worthy to indicate that the methods [15] , [35] , [37] do not provide a mechanism to examine the quality of an IMPR. Although consistency measurement models were developed in [8] , [39] , and an improving consistency method was proposed in [38] , their associated consistency models [35] - [37] have some deficiencies pointed out in Section III. In addition, each method in [37] - [39] has to solve one optimization model, implying that its computational complexity is more than that of the presented method in this paper.
Example 4: Considered a hierarchical MCDM problem adapted from Xia et al. [15] and Xu [35] . China Meteorological Administration (CMA) intends to conduct a new business referred to as benefit assessment and analysis (BAA) of industry meteorological service. It is essential for CMA to know the relationship between the meteorological condition short-term change and the industrial economy, and then evaluate this new business and select highly sensitive industries for meteorological conditions including temperature (T ) and precipitation (P). Thus, a decision-maker is invited to compare and evaluate the meteorological sensitivity for seven industries including commerce (CM), agricultural (AG), energy (ER), light industry (LI), heavy industry (HI), construction industry (CI), communications and transportation (CT). It is apparent that this decision problem can be characterized by a hierarchy shown in Fig.1 .
The decision-maker gives an 7 × 7 IMPRÃ T shown in Table 3 for the seven industries with respect to criterion T and an 7×7 IMPRÃ P listed in Table 4 for the seven industries with respect to criterion P.
By using (43), we obtain CIs of the two IMPRsÃ T and A P as CI (Ã T ) = 0.151 and CI (Ã P ) = 0.265. As mentioned in Example 3, an inconsistency acceptable threshold τ is set at 0.370, which is an approximated GCI threshold given in Table 1 for comparison matrices of order n (n > 4). In this case, both IMPRsÃ T andÃ P have acceptable consistency, and thus can be used to generate an acceptable decision result.
Based onÃ T andÃ P , by using (40), two intuitionistic multiplicative weight vectorsW T = (w 1T ,w 2T , . . . ,w 7T ) T andW P = (w 1P ,w 2P , . . . ,w 7P )
T are elicited and shown in rows 2 and 3 in Table 5 , respectively.
Importance weights γ 1 and γ 2 of the two criteria T and P are considered by the decision-maker to be 0.6 and 0.4, respectively, i.e., γ 1 = 0.6, γ 2 = 0.4. Thus, as per (44), one obtains an aggregated intuitionistic multiplicative weight vector shown in the last row of Table 5 .
As per (14) , a likelihood matrix is established as HI . The above ranking order is the same as the result obtained from Xia et al. [15] and Xu [35] . However, each method in [15] , [35] has no mechanism checking acceptable consistency for IMPRs, and generates a ranking order with full certainty for the seven industries. In solving a hierarchical MCDM problem, the priority weights of lower-level IMPRs are utilized as decision input to obtain assessments of alternatives with respect to an upper-level goal. As mentioned in Examples 2 and 3, the non-diagonal intuitionistic multiplicative judgments in an IMPR are often not captured properly by the obtained priority weights from the methods [15] , [35] . This implies that the obtained priority weights may be not optimal and normalized. In addition, the method [15] employs (46) to derive local intuitionistic multiplicative weights from lower-level IMPRs. The derived local hesitant weights are converted directly to real-valued scores, which are then aggregated into global priority scores of alternatives. It is clear that such a conversion and aggregation process may result in the loss of intuitionistic multiplicative judgment information.
VII. CONCLUSION
This paper has illustrated the deficiency of the existing consistency concept [37] . A new consistency definition has been proposed for IMPRs. The paper has shown that any two intuitionistic multiplicative weight vectors with quasi-linear dependency yield the same priority for the compared alternatives and generate an identically consistent IMPR. A geometric-mean-based hesitancy index has been introduced to measure hesitancy of IMPRs. In order to obtain optimized intuitionistic multiplicative weights of an IMPR, the paper has established a minimization model whose analytical solution is discovered and used to put forward an intuitionistic multiplicative judgment based CI. The paper has shown that the analytical solution is unique and the non-diagonal intuitionistic multiplicative preferences of a consistent IMPR can be totally expressed by its analyticalsolution-based priority weight vector. An approach with checking acceptable consistency has been developed to deal with MCDM with IMPRs. Three numerical examples have been offered to illustrate how to work with the presented method and to demonstrate its rationality and applicability.
Future research could focus on using the obtained properties of consistent IMPRs to determine missing intuitionistic multiplicative preferences of an incomplete IMPR and employing the obtained analytical solution to improve consistency of unacceptable IMPRs.
